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Generalized quantum measurements are an important extension of projective or von Neumann
measurements, in that they can be used to describe any measurement that can be implemented
on a quantum system. We describe how to realize two non-standard quantum measurements us-
ing cavity quantum electrodynamics (QED). The first measurement optimally and unabmiguously
distinguishes between two non-orthogonal quantum states. The second example is a measurement
that demonstrates superadditive quantum coding gain. The experimental tools used are single-atom
unitary operations effected by Ramsey pulses and two-atom Tavis-Cummings interactions. We show
how the superadditive quantum coding gain is affected by errors in the field-ionisation detection of
atoms, and that even with rather high levels of experimental imperfections, a reasonable amount
of superadditivity can still be seen. To date, these types of measurement have only been realized
on photons. It would be of great interest to have realizations using other physical systems. This is
for fundamental reasons, but also since quantum coding gain in general increases with code word
length, and a realization using atoms could be more easily scaled than existing realizations using
photons.
I. INTRODUCTION
Generalized quantum measurements or probability op-
erator measures (POMs), also called positive operator
valued measures (POVMs), are important mathematical
tools for quantum communication and quantum infor-
mation processing [1]. They are naturally able to de-
scribe imperfections and errors in real experimental mea-
surements. In addition, there are also situations where
it is advantageous to deliberately engineer a measure-
ment that is not a projective measurement. This is fre-
quently the case when distinguishing between quantum
states [1, 2]. The simplest such example is when dis-
tinguishing between two non-orthogonal states without
error [3–5]. In addition, knowledge of optimal measure-
ment strategies may be useful in placing tight bounds on
other quantum operations such as quantum cloning [2, 6].
In this paper, we describe how to realize two examples
of non-standard quantum measurements using the tools
of cavity QED. The methods we describe could, however,
be applied also more generally for realizing other gener-
alized quantum measurements. The first measurement is
optimal unambiguous discrimination of non-orthogonal
quantum states, also known as the Ivanovic-Dieks-Peres
(IDP) measurement. This task is relevant for quantum
information and communication systems as well as for
quantum key distribution (QKD) [7]. The IDP measure-
ment is optimal for the B92 QKD protocol [8], although
this was not immediately recognised. To date, all the re-
alizations of the IDP measurement have been optical [9–
11]. Nevertheless, generalized quantum measurements
could be realized also on ions or atoms using existing ex-
perimental techniques [12–14], or using nuclear magnetic
resonance [15].
∗ acd8@hw.ac.uk
The second example is the measurement required to
demonstrate that quantum channel capacities can be su-
peradditive. In this case, at least two uses of a quantum
channel, and a collective measurement of the resulting
code block, is required. The quantum coding gain in
general grows with the length of the code blocks. Super-
additivity has so far only been demonstrated using linear
optics [16]. Quantum source coding for message com-
pression is another type of quantum coding scheme that
has been optically demonstrated [17], using similar tech-
niques as for the optical demonstration of quantum su-
peradditivity. In both cases, the two uses of the quantum
channel were encoded using the path and polarization
degrees of freedom of a single photon and the states are
manipulated using basic linear optical elements (polaris-
ing beam splitters and waveplates). While this demon-
strated the principle of the measurement, extension of the
coding to longer code blocks would be impractical due to
problems of scalability. Scalability would require effective
photon-photon interactions, which are difficult to realize
due to prohibitively large overhead costs [18, 19].
Generally speaking, some generalized measurements
are difficult to realize using linear optics. Therefore it
is useful to study how to realize such measurements in
other physical systems. For the cavity QED demonstra-
tion of superadditivity, we use two atoms and encode
each usage of the quantum channel in the state of one
atom. This could in principle be scaled to longer code-
words using resources which do not scale exponentially,
as for the existing optical realisations. Also, other coding
schemes, including quantum source coding, or any other
realisation of collective quantum measurements, could
be realised in a cavity QED setting employing similar
methods. We also estimate how experimental imperfec-
tions would affect the measurement. Cavity QED tech-
niques have indeed been applied extensively in exploring
the quantum dynamics of atoms and photons in cavi-
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2ties and has been used, for example, in preparing entan-
gled states of atoms [20], performing phase gate opera-
tions [21], doing quantum non-demolition measurements
of cavity fields [22], and in experimental studies of the
process of decoherence in quantum measurements [23].
In addition, there are a number of QED-type systems in
which a cavity QED based scheme can be easily imple-
mented. These include circuit and photonic crystal based
systems [24, 25].
II. DISTINGUISHING BETWEEN TWO
NON-ORTHOGONAL STATES
Generalized quantum measurements are extensions of
projective or von Neumann measurements. Just as for
projective quantum measurements, probabilities p(j) for
measurement outcomes are calculated using the trace
rule
p(j) = Tr(ρˆΠˆj), (1)
where ρ is the measured state and Πˆj is the measurement
operator corresponding to outcome j. The fact that prob-
abilities are positive means that all eigenvalues of the Πˆj
are positive, which is written Πˆj > 0, and consequently
also that the Πˆj are Hermitian. Also, since the probabil-
ities for all possible outcomes should sum to 1, it follows
that ∑
j
Πˆj = Iˆ, (2)
where Iˆ is the identity operator. What sets generalized
quantum measurements apart from projective measure-
ments is that the measurement operators do not have to
be projectors. Also, we can have more measurement out-
comes than there are dimensions in the measured quan-
tum system.
The Ivanovic-Dieks-Peres (IDP) measurement [3–5] is
a generalized measurement that distinguishes between
two non-orthogonal states without error, in other words,
unambiguously. For the measurement to be error-free,
however, one must accept that it will sometimes be in-
conclusive. The IDP measurement is optimal in the
sense that it minimises the probability of an inconclusive
measurement outcome. Suppose that we wish to distin-
guish without error between two non-orthogonal quan-
tum states
|ψ1〉 = cos θ|1〉 − sin θ|2〉 (3)
|ψ2〉 = cos θ|1〉+ sin θ|2〉 (4)
of a single quantum system such as an atom, where
0 < θ < pi/4. To start with, let us note that the op-
timal measurement will depend on the probabilities for
preparing these states, i.e. the prior probabilities. Let
us note also that if we make a projective measurement
in the basis {|ψ1〉, |ψ⊥1 〉}, with |ψ⊥1 〉 = sin θ|1〉+ cos θ|2〉,
then the outcome |ψ⊥1 〉 necessarily indicates that the pre-
pared state was |ψ2〉. If we obtain |ψ1〉, then we cannot
be sure which state was prepared, and the outcome is
inconclusive. Similarly, if we choose to measure in the
basis {|ψ2〉, |ψ⊥2 〉}, then an outcome |ψ⊥2 〉 indicates that
the state was certainly |ψ1〉 and the outcome |ψ2〉 yields
an inconclusive result. If we are restricted to standard
von Neumann measurements, this is the best we can do.
This procedure above is however not always optimal.
If the respective probabilities of preparing |ψ1〉 and |ψ2〉,
i.e., the prior probabilities, are similar, then the gener-
alized measurement that gives the lowest possible prob-
ability for the inconclusive result has the measurement
operators
Πˆ1 = k|ψ⊥2 〉〈ψ⊥2 |, Πˆ2 = k|ψ⊥1 〉〈ψ⊥1 |, Πˆ? = Iˆ− Πˆ1 − Πˆ2,
(5)
where k is a positive number which is as large as the
positivity of Πˆ? will allow, that is, k = 1/(1 + 〈ψ1|ψ2〉).
The minimum probability for the inconclusive result is
then given by p(?)=|〈ψ1|ψ2〉|. Let us denote the prior
probabilities as p1 and p2 = 1 − p1. It is easy to verify
that the generalized measurement is better than the best
projective measurement when
1− sec2(2θ) + sec(2θ) > p1 > 2 sin2(θ) sec2(2θ). (6)
The measurement described in Eq. (5) can be physi-
cally realized as a measurement in a higher dimensional
Hilbert space in an orthonormal basis. This follows from
Naimark’s theorem which states that any generalized
measurement can be realized in this way [1]. We will
devise an experimental realization in terms of such a pro-
jective measurement in an extended Hilbert space. The
IDP measurement can then be realized using the follow-
ing steps:
1. Extend the initial 2D Hilbert space into a 3D space
by adding an extra state |3〉 which is orthogonal to
both initial states |ψ1〉 and |ψ2〉, resulting in an
orthonormal basis {|1〉, |2〉, |3〉}.
2. Measure in a basis {|Π1〉, |Π2〉, |Π3〉} where |Π1〉 ⊥
|ψ2〉 and |Π2〉 ⊥ |ψ1〉. This measurement can be
implemented in two steps:
(a) Perform a unitary operation Uˆ given by
Uˆ = |1〉〈Π1|+ |2〉〈Π2|+ |3〉〈Π?|. (7)
(b) Do a standard projective measurement in the
{|1〉, |2〉, |3〉} basis. A detection in the states
|1〉 or |2〉 would unambiguously indicate that
the unknown state was |ψ1〉 or |ψ2〉 respec-
tively, while a detection result |3〉 would make
the measurement inconclusive.
The detection probabilities will therefore be
p(1|1) = |〈Π1|ψ1〉|2
p(2|2) = |〈Π2|ψ2〉|2
p(1|2) = p(2|1) = |〈Π1|ψ2〉|2 = |〈Π2|ψ1〉|2 = 0
p(?|1) = p(?|2) = |〈ψ1|ψ2〉|. (8)
3FIG. 1. Geometrical representation of the IDP measurement.
The initial two-dimensional Hilbert space, where |ψ1〉 and |ψ2〉
live, is spanned by {|1〉, |2〉}. This is extended to three dimen-
sions by adding an extra state |3〉 which is orthogonal to each
of the two initial basis states. The measurement consists of a
unitary operation Uˆ , followed by a standard projective mea-
surement in the {|1〉, |2〉, |3〉} basis. The transformed states
Uˆ |ψ1〉 and Uˆ |ψ2〉 are orthogonal to |2〉 and |1〉 respectively.
Here p(k|j) denotes the probability of obtaining a result
k given a state j.
Using the basis state vectors |1〉 ≡ [1, 0, 0]T , |2〉 ≡
[0, 1, 0]T and |3〉 ≡ [0, 0, 1]T , we work out the unitary
operation in (7) for the optimum measurement to be
Uˆ =
1√
2
 tan θ −1 −
√
1− tan2 θ
tan θ 1 −
√
1− tan2 θ√
2(1− tan2 θ) 0 √2 tan θ
 (9)
For experimental realization, any unitary Uˆ may be
decomposed into a product of unitary operators coupling
two levels at a time [26]. Furthermore, especially when
there are many outcomes, this decomposition for a gen-
eralized quantum measurement may be optimized to use
the minimum number of such pairwise operations [27]. In
our case, there is only one extra state, and the realization
is straightforward,
Uˆ = Tˆ1,2Tˆ1,3, (10)
where
Tˆ1,2 =
 1√2 − 1√2 01√
2
1√
2
0
0 0 1
 , and (11)
Tˆ1,3 =
 tan θ 0 −√1− tan2 θ0 1 0√
1− tan2 θ 0 tan θ
 . (12)
In summary, one performs Tˆ1,3, followed by Tˆ1,2 on the
input state |ψ〉 ∈ {|ψ1〉, |ψ2〉} to obtain |ψ〉′, followed by a
projective measurement of |ψ〉′ in the basis {|1〉, |2〉, |3〉}.
This will yield an error probability of zero and a mini-
mum probability of an inconclusive result p(?) = cos 2θ.
A. Cavity QED implementation
The interaction between an atom and a classical field,
resonant or quasi-resonant with the atomic transition be-
tween two states |g〉 and |e〉, can be used to realize the
IDP measurement outlined above. The required unitary
operations result from the action of the atom-field Hamil-
tonian, which is [28]
H˜ =
h¯∆r
2
σz − ih¯Ωr
2
[
e−iϕσ+ + eiϕσ−
]
. (13)
Here σz = |g〉〈g|− |e〉〈e| is the Pauli-Z operator, and σ±,
the atomic raising and lowering operators, are defined as
σ+ = |g〉〈e| and σ− = |e〉〈g|. Ωr and ∆r are respectively
the classical Rabi frequency and the atom-field detuning,
and ϕ is the phase of the classical field with respect to
the atomic transition dipole.
It can be shown from Eq. (13) that an interaction last-
ing for a time t = θ/Ωr with a resonant field having a
phase ϕ effects the transformations
|g〉 −→ cos(θ/2)|g〉+ sin(θ/2)eiϕ|e〉
|e〉 −→− sin(θ/2)e−iϕ|g〉+ cos(θ/2)|e〉. (14)
Using the notation |g〉 ≡ [1, 0]T and |e〉 ≡ [0, 1]T , this
corresponds to the operator exp(iH˜t/h¯) given as
Rg,e(θ, ϕ) =
(
cos θ2 −e−iϕ sin θ2
eiϕ sin θ2 cos
θ
2
)
. (15)
One may perform the unitary operator Uˆ for the IDP
measurement by setting
Tˆ1,2 = R1,2(pi/2, 0) (16)
Tˆ1,3 = R1,3(ϑ, 0), (17)
where ϑ = cos−1 ( 1√
3
), and the Rg,e denotes a Ramsey
pulse resonant with the transition |g〉 ↔ |e〉.
The physical states representing |1〉, |2〉, and |3〉 will be
chosen based on convenience of experimental realization.
One needs to bear in mind, for example, that a direct
coupling between |2〉 and |3〉 will not be necessary, and
that at the detection stage, outcome |3〉 represents an
inconclusive result. A possible choice of states could be
a 85Rb ladder of Rydberg states; |e〉 ≡ 63P , |g〉 ≡ 61D
and |i〉 ≡ 62P , which are standard micromaser transi-
tions [29]. A final projective measurement which deter-
mines the energy level of the atom would be required.
This is commonly done by means of field-ionisation detec-
tion [30, 31], which involves passing the Rydberg atoms
through an increasing electric field and measuring the
energy at which the atom is ionised.
III. SUPERADDITIVE MEASUREMENT
The maximum amount of information which can be re-
liably transmitted over a given channel is referred to as its
4capacity. This is generally determined by the information
resources (such as code block length and bandwidth) and
the noise characteristics of the channel. Quantum chan-
nels may display superadditivity in classical information
capacity [32–34]. This means that
Cn > nC1, (18)
where C1 is the classical information capacity of a single
use of the channel, and Cn is the classical information
capacity of a combination of n uses of the channel. For
classical channels, it holds that
Cn=nC1, (19)
meaning that superadditivity is displayed only by quan-
tum channels.
This makes it interesting to experimentally demon-
strate the superadditivity of quantum channel capacity.
In order to do this, it is necessary to carry out quan-
tum coding followed by an appropriate collective quan-
tum measurement. One possible scheme is outlined be-
low.
A. Trine letter states
Consider a channel coding for sending classical infor-
mation through a quantum channel with a given ensem-
ble of quantum states representing the letter states. A
clear and simple example of an ensemble which can be
used to demonstrate superadditivity in classical capacity
of a quantum channel is the qubit trine states. Suppose
we use the set of ternary symmetric states of a qubit,
that is {|ψ0〉 , |ψ1〉 , |ψ2〉} known as the qubit trine states,
with
|ψ0〉 = |0〉,
|ψ1〉 = −1
2
|0〉 −
√
3
2
|1〉,
|ψ2〉 = −1
2
|0〉+
√
3
2
|1〉, (20)
to transmit information, where {|0〉, |1〉} is the orthonor-
mal basis set. Using one quantum state drawn from this
ensemble we can transmit at most C1 = 0.6454 bits. This
is achieved by sending any two of the states |ψj〉 with
probability 1/2 each and distinguishing between these
with the optimal measurement [16, 35, 36].
Using two qubits, there are nine possible states. It
has been shown [32] that if only three of these are used,
namely
|ψxx〉 = |ψx〉 ⊗ |ψx〉
=
1
2
(1 + cosϕx)|00〉+ 1
2
sinϕx (|01〉+ |10〉)
+
1
2
(1− cosϕx)|11〉, (21)
with ϕx = 2pix/3, where x = 0, 1, 2, then I2 = 1.3690
bits of information can be retrieved if the code word
states are used with equal probabilities. This is larger
than 2C1(= 1.2908). The superadditive quantum coding
gain (SQCG), per use of the channel, is
(I2 − 2C1)/2 = (1.3690− 1.2908)/2 = 0.0391. (22)
The measurement used to decode the codewords is the
square-root measurement with the measurement basis
states |Πyy〉 defined as
|Πyy〉 ≡
(∑
x
|ψxx〉〈ψxx|
)−1/2
|ψyy〉. (23)
In explicit form the codeword states are
|ψ00〉 = |00〉,
|ψ11〉 = [|00〉+
√
3 (|01〉+ |10〉) + 3|00〉]/4,
|ψ22〉 = [|00〉 −
√
3 (|01〉+ |10〉) + 3|00〉]/4, (24)
and the optimal measurement basis is given by
|Π00〉 = cos (γ/2) |00〉 − sin (γ/2) |11〉,
|Π11〉 = [sin (γ/2) |00〉+ cos (γ/2) |11〉]/
√
2
+(|01〉+ |10〉)/2,
|Π22〉 = [sin (γ/2) |00〉+ cos (γ/2) |11〉]/
√
2
−(|01〉+ |10〉)/2,
|A〉 = [|01〉 − |10〉]]/
√
2, (25)
where
cos(γ/2) = (
√
2 + 1)/
√
6, and
sin(γ/2) = (
√
2− 1)/
√
6. (26)
The outcome corresponding to the state |A〉 will never
occur, since all codeword states are orthogonal to |A〉.
This state merely completes the 4-dimensional basis.
The states (25) define an entangled measurement basis,
and the implementation of the measurement will require
similar resources as a Bell measurement, including en-
tangling interactions. The Bell states are the maximally
entangled states
|Φ±〉 = (|00〉 ± |11〉)/
√
2
|Ψ±〉 = (|01〉 ± |10〉)/
√
2, (27)
and a Bell measurement is a projection in this basis. This
can be achieved by first performing a unitary transforma-
tion UˆB
UˆB = |00〉
〈
Ψ+
∣∣+ |01〉 〈Φ+∣∣+ |10〉 〈Ψ−∣∣+ |11〉 〈Φ−∣∣ (28)
on the input Bell state, followed by a projective measure-
ment in the {|00〉, |01〉, |10〉, |11〉} basis which we refer
to as the computational basis. Any other transforma-
tion which takes each of the Bell states respectively to
any permutation of the computational basis states, up to
global phases, would also do.
5The superadditive measurement can be realized in a
similar fashion by making a unitary transformation Uˆsa
on the input states, and following this by a projective
measurement in the computational basis. From Eq. (25),
Uˆsa is given as
Uˆsa = |00〉 〈Π00|+ |01〉 〈Π11|+ |10〉 〈A|+ |11〉 〈Π22| . (29)
In matrix notation, it takes the form
Uˆsa =
1
2

2 cos(γ/2) 0 0 −2 sin(γ/2)√
2 sin(γ/2) 1 1
√
2 cos(γ/2)
0
√
2 −√2 0√
2 sin(γ/2) −1 −1 √2 cos(γ/2)
 . (30)
Superadditivity can in general only be achieved when
an appropriate collective POM is chosen, namely, detec-
tion in an entangled measurement basis [36]. An SQCG
of 0.011 ± 0.003 has been experimentally demonstrated
by the previously mentioned optical implementation [33].
B. Cavity QED realization
The unitary operation Uˆsa needed to realize this mea-
surement can be decomposed in terms of single atom
operation and entangling interactions. The single atom
rotations correspond to Ramsey pulses Rˆ1(θ, ϕ) and
Rˆ2(θ, ϕ). In the four-dimensional Hilbert space spanned
by the joint basis states of the two 2-level atoms, the uni-
tary transformation Rˆ1(θ, ϕ) effected by a Ramsey pulse
on atom 1 is
Rˆ1(θ, ϕ) = Rˆ(θ, ϕ)⊗ Iˆ , (31)
while a Ramsey pulse on atom 2 is
Rˆ2(θ, ϕ) = Iˆ ⊗ Rˆ(θ, ϕ), (32)
where ⊗ denotes the tensor product operation.
The entangling operations, on the other hand, can
be realized using the interactions between atoms and a
cavity field governed by the two-atom Tavis-Cummings
Hamiltonian in the limit of large detuning [37, 38]. This
produces an effective Hamiltonian in which the field is
removed as a degree of freedom, eliminating atom-field
entanglement, but allowing virtual excitation of the field
to pass excitations between atoms. This ensures that no
quantum information is exchanged between the atoms
and the cavity, so that the cavity merely mediates inter-
actions between the atoms. Each atom is effectively a
two-state system, detuned from the cavity resonance by
∆. Let g denote the atom-cavity dipole coupling con-
stant. In the limit of large ∆, the effective Hamiltonian
is
H˜eff = − h¯g
2
∆
(σeg,eg + σge,ge + σeg,ge + σge,eg) . (33)
This yields a unitary transformation
TˆTC(t) =

1 0 0 0
0 e−itφ cos(tφ) −ie−itφ sin(tφ) 0
0 −ie−itφ sin(tφ) e−itφ cos(tφ) 0
0 0 0 1
 ,
(34)
where φ = g2/∆(s−1) is the effective coupling constant
and we have used the notation |gg〉 ≡ [1, 0, 0, 0]T , |ge〉 ≡
[0, 1, 0, 0]T , |eg〉 ≡ [0, 0, 1, 0]T and |ee〉 ≡ [0, 0, 0, 1]T for
the computational basis states.
To elucidate the process of deriving the superadditive
measurement using these building blocks, it is instructive
to first consider the Bell measurement briefly. The Bell
measurement can be performed with a combination of the
operations in Eqs. (31), (32) and (34). This will yield a
transformation which rotates each of the Bell states, into
some permutation of the computational basis states up
to global phases.
This can be done in only four steps. The principle
of the process is to take the entangled states to states
which are as close as possible to the separable basis states
with each step. The Tavis-Cummings operations are the
available two-qubit operations for disentangling the Bell
states. However, it turns out that the detuned Tavis-
Cummings operation on its own cannot disentangle |Ψ±〉.
It is necessary to precede it with a Ramsey rotation which
produces a relative phase shift of pi/2 between |01〉 and
|10〉. Previous work done have achieved the phase shift-
ing effect using an extra atomic level |i〉. This is done
by performing a Ramsey operation resonant with the
|e〉 ↔ |i〉 transition, before, and then after the Tavis-
Cummings operation [28, 37]. Another proposal suggests
introducing a slight delay between the passage of the two
atoms through the cavity [39]. Here we use another ap-
proach.
As a first step, we apply a Ramsey pulse to the atom
2, i.e. Uˆ1 = Rˆ2
(
pi, 3pi4
)
. This gives the following trans-
formation of the Bell states:
Uˆ1|Φ±〉 = (|01〉 ± i|10〉) /
√
2
Uˆ1|Ψ±〉 = (|00〉 ± i|11〉) /
√
2. (35)
We then choose the second step as Uˆ2 = TˆTC(
3pi
4φ ) to
have
Uˆ2Uˆ1|Φ+〉 = (|00〉 − i|11〉) /
√
2
Uˆ2Uˆ1|Ψ+〉 = |01〉
Uˆ2Uˆ1|Φ−〉 = |10〉
Uˆ2Uˆ1|Ψ−〉 = (|00〉+ i|11〉)
√
2. (36)
The combination of a preceding Ramsey operation on
atom 2 and the detuned Tavis-Cummings operation ef-
fectively carries out a transformation which disentangles
the |Ψ+〉 and |Φ−〉 states.
We now proceed to the third step which is a Ramsey
operation Uˆ3 = Rˆ2 (pi, 0). The effect of this operation is
6simply to interchange |00〉 with |01〉, and |11〉 with |10〉
simultaneously.
Uˆ2Uˆ1|Φ+〉 = (|01〉 − i|10〉) /
√
2
Uˆ2Uˆ1|Ψ+〉 = |00〉
Uˆ2Uˆ1|Φ−〉 = |11〉
Uˆ2Uˆ1|Ψ−〉 = (|01〉+ i|10〉)
√
2. (37)
The resulting entangled states can now be disentangled
with a Tavis-Cummings operation in a final step before
detection. If we use Uˆ4 = Tˆd(
3pi
4φ ), then we will have:
Uˆ4Uˆ3Uˆ2Uˆ1|Φ+〉 = |01〉
Uˆ4Uˆ3Uˆ2Uˆ1|Ψ+〉 = |00〉
Uˆ4Uˆ3Uˆ2Uˆ1|Φ−〉 = |11〉
Uˆ4Uˆ3Uˆ2Uˆ1|Ψ−〉 = |10〉. (38)
Detection results |00〉, |01〉, |10〉 and |11〉 would indicate
that the inputs were the Bell states |Ψ+〉, |Φ+〉, |Ψ−〉 and
|Φ−〉 respectively. This realisation is similar in its con-
struction to the realisation on atoms considered in [40].
We now apply a similar method for the superadditive
measurement. It is worth noting that since the outcome
corresponding to |A〉 should never occur, it would be suf-
ficient to make a unitary transformation Uˆ ′sa which takes
two of the three states |Π00〉, |Π11〉 and |Π22〉 uniquely
into two of the four computational basis states in the
four-dimensional Hilbert space, say |Π22〉 → |00〉 and
|Π11〉 → |01〉; and the remaining measurement basis
state, say |Π00〉, and |A〉 each into superpositions of the
two other computational basis states, say |10〉 and |10〉.
This may somewhat simplify the experimental realiza-
tion, and we will in fact make use of it.
Obtaining a realization of Uˆsa involves finding a se-
quence of operations which transforms Uˆ†sa into a matrix
of the form PpiD, where Ppi is a permutation matrix and
D is a diagonal matrix. This could be a sequence of uni-
tary operations coupling two basis states at a time [26].
As with most physical settings, not all pairwise coupling
operations are available in our case. This is because we
are restricted to operations TˆTC(t), which couple the pair
of basis states |01〉 and |10〉, and single qubit operations
Rˆ1(θ, ϕ) and Rˆ2(θ, ϕ), which each couple two pairs of
basis states at the same time. Our strategy for obtain-
ing a realisation in terms of these is as follows. Since
the operation TˆTC couples basis states |01〉 and |10〉, it
is natural to first use a Tavis-Cummings interaction to
disentangle these components of the measurement states
in Eq. (25). In order to do this, it turns out that we
need to precede the Tavis-Cummings interaction by two
Ramsey pulses. This first pulse sequence then takes the
states |A〉 = |Ψ−〉 and |Ψ+〉 into the disentangled states
|01〉 and |10〉. Next, in order to use a Tavis-Cummings
interaction to disentangle the |00〉 and |11〉 components,
we need to first change |0〉 into |1〉 and vice versa for one
of the atoms, which one does not matter, using Ramsey
pulses. It turns out that at the end of this process, which
thus comprises two Tavis-Cummings interactions and a
number of Ramsey pulses, |A〉 and the measurement ba-
sis state |Π00〉 are both mapped to superpositions of |00〉
and |10〉, and Ramsey pulses would be needed in order to
map these superpositions to |00〉 and |10〉. As remarked
above, these last Ramsey rotations are not necessarily
required.
This leads us to a realization in seven steps. The first
step is a Ramsey rotation on the atom 2, Uˆ ′1 = Rˆ2 (pi, pi).
The second step is another Ramsey rotation on atom 2,
Uˆ ′2 = Rˆ2 (pi, 3pi/4). For the third step, we pass the two
atoms simultaneously through the first detuned cavity
with the effective interaction time t1 = 3pi/(4φ) giving a
detuned Tavis-Cummings interaction described by Uˆ ′3 =
TˆTC(t1). Step four is another Ramsey pulse applied to
atom 2 defined as Uˆ ′4 = Rˆ2 (pi, pi/2). The fifth step is a
second detuned Tavis-Cummings type interaction, Uˆ ′5 =
Tˆd(t2), of duration t2 =
γ
2φ . The sixth and seventh steps
effectively rotate |A′〉 into a superposition. In fact, this
takes place if we choose Uˆ ′6 = Rˆ2 (pi, (γ − pi/2) /4) as the
sixth step and Uˆ ′7 = Rˆ2 (pi/2, 0) as the seventh step.
These steps lead us to the effective unitary operation
Uˆ ′sa =
e−iγ/4
2

−√2e−iγ/2C −eiγ/2 eiγ/2 √2e−iγ/2S
−√2e−iγ/2C eiγ/2 −eiγ/2 √2e−iγ/2S
−√2S 1 1 −√2C√
2S 1 1
√
2C
 ,
(39)
where S = sin(γ/2) and C = cos(γ/2). To elucidate the
assignment of measurement results, we can also use the
alternative form
Uˆ ′sa ≡ 1√2 (|00〉+ |10〉) 〈Π00|+ 1√2 (|00〉 − |10〉) 〈A|
+ |10〉 〈Π22|+ |11〉 〈Π11|. (40)
This makes it clear that Uˆ ′sa ideally yields the same value
as Uˆsa for the mutual information, but is slightly differ-
ent from Uˆsa, since final detection of |00〉 and |10〉 both
correspond to |Π00〉. Recall that all three signal states
are orthogonal to |A〉. When Uˆsa is used, the final mea-
surement outcome corresponding to |A〉 should never oc-
cur. When experimental imperfections are included, the
mutual information and consequently SQCG may be dif-
ferent for Uˆsa and Uˆ
′
sa. This will be made clear shortly.
After performing the seven steps, a subsequent detec-
tion in the computational basis will complete the mea-
surement. The mutual information is given by
I2 = I(X : Y ) (41)
=
∑
j
P (xj)
∑
k
P (yk|xj) log2
 P (yk|xj)∑
m
P (xm)P (yk|xm)
 ,
where X and Y denote the sender and receiver respec-
tively, and xj and yk denote the letter states that were
transmitted and received respectively, k, j,m = 1, 2, 3, ....
7The channel matrix resulting from applying the de-
rived pulse sequence and a subsequent projective mea-
surement to the input state ρˆx = |ψx〉〈ψx| are
P (y|x) = Tr(Πˆ′yρˆx), (42)
where Πˆ′y = |Π′yy〉〈Π′yy|. Substituting the resulting
channel matrix elements into Eq. (41), and using prior
probabilities
p (xj) =
1
3
, (j = 1, 2, 3) (43)
gives SQCG of I2/2−C1 = 0.0391. A schematic diagram
outlining the derived implementation is shown in Fig. 2.
C. Optimality
The question of determining the optimality of a given
realization of a POM using certain building blocks in a
physical setting is non-trivial. For our realization of the
superadditive measurement, we check for the optimality
of our proposed realization in terms of the total number
of steps. We also try to exclude the more experimen-
tally challenging steps as much as possible. The Tavis-
Cummings interaction is clearly more difficult to realize
than the Ramsey operations because it involves a syn-
chronous passage of two atoms through a high-Q cavity,
which is more experimentally challenging than applying
a Ramsey pulse to a single atom.
We supply a short proof by contradiction that at least
two detuned Tavis-Cummings interactions is required to
realize the superadditive decoding. Using the canonical
Cartan decomposition of a two-qubit unitary operator
U ∈ SU(4) [43], we realize that if a single detuned Tavis-
Cummings interaction could be used to implement Uˆsa
(or Uˆ ′sa), then there would exist w
′
1, w2, v
′
1, v2, W
′
1, W2,
V ′1 , and V2 ∈ SU(2) such that
Uˆsa = (w
′
1 ⊗ w2)Td(φ)(v′1 ⊗ v2) (44)
and
Td(φ) = (W
′
1 ⊗W2)Uˆsa(V ′1 ⊗ V2). (45)
Equation (45) is a system of 16 equations. It is eas-
ily verified that this system of equations has no so-
lution. This concludes the proof and gives evidence
of the optimality of our proposed scheme with respect
to the number of Tavis-Cummings interactions needed.
Jaynes-Cummings interactions through sequential pas-
sage of the atoms through the cavity can also be used
for entangling interactions between atoms. This has
proved suitable for preparing specific entangled two-atom
states [20, 37, 39]. However, a main disadvantage of us-
ing the Jaynes-Cummings interactions is the leakage of
atomic excitation into cavity field modes having more
than one excitation, since the field has an infinite num-
ber of levels besides {|0〉, |1〉}.
IV. EXPERIMENTAL IMPERFECTIONS
Both the IDP measurement and the measurement to
demonstrate quantum superadditivity will be affected by
experimental imperfections. In particular, when errors
are present, error-free or unambiguous state discrimi-
nation in general becomes impossible, and we should
aim for a maximum confidence measurement strategy
instead [44–46]. As for the measurement that demon-
strates superadditivity, it is natural to ask how robust
the superadditive quantum coding gain is with respect
to imperfections. We will now discuss this.
Experimental imperfections that could adversely af-
fect the overall quality of the realizations of the su-
peradditive measurement, and the SQCG, include ini-
tial state preparation fidelity, Ramsey operation fidelity,
Tavis-Cummings operation fidelity and detection effi-
ciency. The initial state preparation fidelity would de-
pend largely on the fidelity of the Ramsey operations
since they are used to carry out these preparations. In
turn, the fidelity of the Ramsey operations depend on the
accuracy to which the parameters θ and ϕ can be set.
Let us consider how the delay between the atoms af-
fect the results and ultimately the SQCG. Zheng and
Guo [37] have estimated the effect of such a delay on the
preparation of an EPR pair of the form
|ΨEPR〉 = 1√
2
(|e, g〉+ i|g, e〉) , (46)
which can be prepared by a single Tavis-Cummings oper-
ation. This was done by considering a delay of td = 0.01t
between the atoms, where t is the time each atom spends
in the cavity. In this situation, a fidelity of 0.99 was
estimated.
Applying the same idea, we realize that such a delay
yields an imperfect Tavis-Cummings operation which af-
fects the coding gain. In Fig. 3, we plot the superadditive
coding gain as a function of δ, where δ is the delay as a
percentage of the longest cavity interaction time in the
sequence, that is, t2 (s) spent in cavity 2. A delay up to
5% of the longest cavity interaction time in the sequence,
which occurs in the second cavity interaction, still gives
an SQCG of 0.011 bits.
In the photonic realization [16], the detection efficiency
η, which is the photon count probability, does not de-
grade the result on its own. This is because the SQCG is
calculated using a normalised channel matrix. However,
when combined with dark counts which arise from back-
ground radiation as well as from carriers generated in a
detector even when no photons are incident, the SQCG
is degraded since this effectively results in a finite prob-
ability of misidentification of states.
In a cavity QED realization, the detection efficiency
could even be more of a problem if it depends on the
atomic states, for example. Even if the detection ef-
ficiency were independent of the atomic state, state
misidentification is a usual problem in detection. Con-
sider a detection to determine whether a two level atom
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FIG. 2. Schematic diagram of proposed cavity QED implementation of the POM for superadditive decoding. This figure
shows the scheme for the unitary operation performed before the final projective measurement by field-ionisation detectors.
Atom mirrors have been implemented using electric, magnetic and light-induced forces (see [41], [42] and references therein). If
required, it could be realised in this scheme also by using an additional Tavis-Cummings operation to swap the state from one
atom to that of a fresh one travelling perpendicularly. The superscripts on the operators indicate the order of their application
to the two atom state. These operations are defined in Equations (31), (32), and (34).
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FIG. 3. Plot of the superadditive coding gain as a function of
δ, where δ is the delay td(s) as a percentage of the time t2 (s)
spent by both atoms in the second cavity. The same delay is
applied in both cavities.
is in a state |0〉 or |1〉. In the perfect case, the detection
would be an ideal von Neumann measurement which can
be described by the two projectors
Pˆ0 = |0〉〈0|, Pˆ1 = |1〉〈1|. (47)
A non-ideal detector, however, might record the wrong
state with some probability. This is the case in atomic
state detection schemes where projective measurements
are carried out using field-ionisation detectors, in which
the ionisation energy of the atoms serves as an indicator
of the state. This means that for a two-level atom in
the state |0〉, the measurement will give the result 1 with
probability p and the result 0 with probability 1 − p.
In a realistic experimental scenario, the probability of
misidentification might not be symmetric. For instance,
it might be more likely to misidentify the atomic state
|1〉 as |0〉 than conversely. Let us denote the probability
of misidentifying the |0〉 and |1〉 states as p(0|1) ≡ p and
p(1|0) ≡ q respectively. Introducing these errors, the
effective measurement is a POM with elements defined
as the operators
pˆi0 = (1− p)Pˆ0 + qPˆ1
pˆi1 = (1− q)Pˆ1 + pPˆ0. (48)
To incorporate this into the calculations of the SQCG,
we first calculate the resulting single channel capacity C1
and mutual information for length-two coding I2. This is
used to obtain the SQCG plotted in Fig. 4 as a function
of the probabilities of misidentification p and q when Uˆsa
is realized exactly. The affected channel matrix is given
as
P (y|x) = Tr(UˆsaρˆxUˆ†saMˆy). (49)
Here x and y label the matrix elements. Mˆ1 = pˆi0 ⊗ pˆi0,
Mˆ2 = pˆi0 ⊗ pˆi1, Mˆ3 = pˆi1 ⊗ pˆi0, and Mˆ4 = pˆi1 ⊗ pˆi1 are the
elements of the POM describing the imperfect projective
measurement in the computational basis. The resulting
SQCG plot shows that even with rather high probabil-
ities of misidentification, a reasonable amount of super-
additive quantum coding gain can still be accessed. We
observe a symmetric trade-off effect between probabilities
p and q in Fig. 4.
9FIG. 4. Effects of detection errors when Uˆsa is used to realize
the superadditive measurement. (a) Plot of the difference G0
(bits) between the length-two coding mutual information and
the ideal single channel capacity, G0 = I2/2(p, q) − C1(p =
0, q = 0). (b) Plot of the actual superadditive coding gain
G0 (bits), G = I2/2(p, q)−C1(p, q). G0 and G are plotted as
functions of the probabilities, p and q, of misidentifying states
|0〉 and |1〉 of a two-level atom respectively.
FIG. 5. Effects of detection errors when Uˆ ′sa is used to im-
plement the superadditive measurement. (a) Plot of the
difference G′0(bits) between the length-two coding mutual
information and the ideal single channel capacity, G′0 =
I ′2/2(p, q)− C1(p = 0, q = 0). (b) Plot of the actual superad-
ditive coding gain G′ (bits) for our proposed scheme, where
G′ = I ′2/2(p, q)−C1(p, q). G′0 and G′ are plotted as functions
of the probabilities, p and q, of misidentifying states |0〉 and
|1〉 of a two-level atom respectively.
Let us now use the proposed realization which effects
the unitary transformation Uˆ ′sa. The channel matrix ele-
ments then become
P (y|x) = Tr(Uˆ ′saρˆxUˆ ′†saMˆy). (50)
The corresponding values of mutual information for the
double channel and the SQCG are plotted in Fig. 5 as
functions of the probabilities of misidentification p and
q.
As shown in Fig. 5(b), we observe reasonable amounts
of SQCG even with rather high levels of detection errors.
Since, in our proposed scheme Uˆ ′sa, the SQCG favours
combinations of higher values of p with lower values q,
the physical states representing |0〉 and |1〉 may need to
be chosen to ensure that p > q if there is considerable
difference between p and q.
Finally, another experimental consideration in the cav-
ity QED realizations outlined above could be the symme-
try of the Ramsey operations, that is, depending on the
particular experimental setup, whether or not there is an
advantage of performing the Ramsey rotations on only
one atom over distributing them as much as possible be-
tween both atoms.
V. CONCLUSION
In conclusion, we have proposed explicit schemes for
experimental realization, using cavity QED, of two gen-
eralized quantum measurement strategies. These were
unambiguous discrimination of two non-orthogonal quan-
tum states, the so-called IDP measurement, and the mea-
surement to demonstrate superadditive quantum coding
using a ternary quantum alphabet. We would like to note
that realizations of the minimum-error measurements to
distinguish between the trine states in Eq. (20) [1] and
between mirror-symmetric states [47] would be very sim-
ilar to the IDP measurement that we have outlined, and
also that similar methods can be used to implement any
generalized quantum measurement using cavity QED.
Our results show that these realizations are feasible us-
ing currently available cavity QED technologies. Using a
simple proof we have confirmed the optimality of the re-
alization of the measurement that demonstrates quantum
superadditivity in terms of cavity usage. We have also
shown how the superadditive quantum coding gain is af-
fected by imperfect detection of the basis states, and that
even with rather high levels of such experimental imper-
fections, a reasonable amount of superadditivity can be
seen. We have not addressed the fact that in the presence
of experimental imperfections, the measurement that one
should attempt to implement in order to demonstrate
maximum coding gain might change. It is thus conceiv-
able that even with experimental errors, it may be possi-
ble to see a somewhat larger quantum coding gain than
our estimates indicate. In other words, our estimates are
lower bounds on the superadditive quantum coding gain,
given the assumed level of errors in the implementation.
An example where the optimal quantum measurement
changes in the presence of experimental imperfections is
when comparing two coherent states [48].
The fact that atoms can interact strongly via cavity
fields makes it possible to investigate implementation of
superadditive coding with longer code words using cavity
QED-type systems. It is also interesting to further study
realizations of other generalized quantum measurements
which are difficult to realize using linear optics.
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